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I. INTRODUCTION

The problem of synthesis of a resistive n-port network from its
port-admittance matrix, Y, is certainly not a new one. Much investiga-
tion has been carried on as cited in the Literature Search section; but,
the general problem seems far from being solved. Even though many of
the known resistive synthesis procedures and their implications can be
applied to networks with R, L, and C elements the author restricts the
developments to resistive elements. Since the derivations are carried
out utilizing nodal analysis terminology the element values of the
realized network are referred to as conductances.

Linear graph theory plays an important role in analysis and
synthesis of networks. After defining many of the basic terms involved
with linear graph theory and its applications much of the investigation
relies upon the augmentation of the original port-admittance matrix with
reference to linear transformations and cut-set notation.

Throughout the development and discussion of the realization
techniques the n ports of interest corresponding to the (nxn) port-
admittance matrix are arranged in a basic Lagrangian tree or in
k (2<k<n) Lagrangian subtree structures. This form of port structure
lends itself nicely to nodal methods. Two forms of (n+2)-node synthesis
methods are developed. One form relies entirely upon the element values
of the given port-admittance matrix and requires no solving for unknown
quantities. The second method depends upon the solving of a set of
independent equalities and inequalities. Compared to the first method

this method is a much more flexible; but, involved technique.



A third synthesis procedurg, which concerns itself with the general
case, is developed. Like the second method it requires satisfying a set
of independent inequalities. This independent set of inequalities is
derived from the augmented port-admittance matrix. The network synthe-
sized by this procedure or by the second procedure is certainly not
unique since the solution for the unknown quantities in general will be
in the form of a bounded solution. Also, the initial step of each

method restricts the topology of the network to basic Lagrangian tree

structures.



II. TERMS AND DEFINITIONS

The language associated with linear graph theory and its applica-
tions does not always follow a precise standard. Thus, many of the
terms possess various meanings depending upon the presentation or publica-
tion where they are found. 1In this section the author wishes to clarify
the meaning of the terms or operations that are pertinent for the under-
standing of the material found in the following sections. The definitions
that the author gives are those of the references cited and of personal
preference according to the context of the following sections. They are
thought to be the most standard representationms.
1. (14) A matrix is ; rectangular array containing m rows and
n columns of elements of a scalar field F. It is called an (mxn)
matrix over F.
2. (14) The transpose of matrix, A = [aij], denoted by A’, is
defined as A’ = [b,,] where b, = a,_.
ij ij ji
3. (14) An (nxn) matrix A is non-singular if and cnly if a
matrix B, its inverse, exists such that AB = I. Otherwise,
A is said to be singular. We denote the inverse as B = A-l.

4. (l4) A linear transformation, T, from a vector space, V,

to a vector space, W, both over the scalar field, F, is a
mapping of V into W such that for all @,BeV and for all
a,beF,

(2. + BB)T = a(@T) + b(BT). (L
The linear transformation that is used in Section IVF is

described as Y2 = SYls' where S’ is the non-singular matrix
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that gives the set of voltages, Vl’ associated with the
admittance matrix, Yl’ in terms of the set of voltages, V2’
associated with the admittance matrix, Y2.

A dominant (nxn) matrix, D, satisfies the condition that

n
2 il -4 L] L] L]
d;; = T ]dij], i=1, , M. (2)
i#]
i=1

(26) Further restricting the matrix D, a hyperdominant

matrix also must satisfy the condition,

dijso;i?‘j;i:l""’n;j.=1""’n° (3)

(25) A real matrix is defined as a paramount matrix if each
principal minor of the matrix is not less than the absolute
value of any minor built from the same rows.

(24) The short-circuit admittance matrix, Y, is defined as

the coefficient matrix of the system of equations,

S ~ - 1
Il yll. . . L] L] yln [_V].
: = . . '. : (4)
fa} L1 777 Yeaf [

where upon setting the appropriate voltages equal to zero the
Vi functions are equated to the current-voltage ratio. The
author will sometimes refer to this matrix as the port-

admittance matrix.

(24) A cut-set is a set of edges of a connected graph G such

that the removal of these edges from G reduces the rank of G
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11.

12.

13.

by one, provided that no proper subset of this set reduces

the rank of G by one when it is removed from G. Here the
rank of a graph is defined as (v-p) where there are v vertices
and p maximal connected subgraphs.

(24) The cut-set matrix of a graph with v vertices and e edges

is given by Qa = [qij] which has one row for each cut-~set of

the graph and e columns, such that

L}

q 1 if edge j is in cut-set i and the orientatiomns agree,

ij

ij -1 if edge j is in cut-set i and the orientations are.

opposite, and

q

qij = 0 if the edge j is not in cut-set i.

Also, a matrix formed from (v-1) independent rows of Qa will
be labeled the cut-set matrix, Q.

(7) A port is an accessible terminal pair regarded as a
single entity.

(24) A node is an endpoint of an edge. An edge is defined
as a line segment together with its distinct endpoints. 1In a
graph an edge may represent a circuit element such as a
resistor, capacitor, inductor, etc. Since the author deals
only with resistive networks and the derivations and synthesis
procedures deal with nodal methods, in many instances an edge
will be considered a conductance.

(13) An oriented edge is an edge with orientation shown by an

arrowhead on the edge pointing away from the first node and

toward the second node.



14.

15.

16.

17.

18.

19.

(13) With eaéh network element (edge) there are two real
valued functions of bounded variation of the real variable, t.

These are termed element (edge) voltage and element (edge) -

current. The orientation that will be used for the network

element and edge is shown in Figure 1.

(24) A linear graph is a collection of edges, no two of which
have a point in common.that is not a node.

(24) A subgraph is a subset of the edges of the graph;
therefore, it is a graph itself.

(6) If a graph G’ = (V/,E',I"’) is so related to a graph

G = (V,E,I) that V&V, EEE, and I''(e) = I'(e) for every edge
ecE’ then‘the first graph is said to be a subgraph of the
second.

(6) A directed graph is a mathematical system consisting of

two sets V and E, together with a mapping, A, of E into VXV.

V refers to vertices and E to edges.

(6) A total graph is a directed graph such that, for every two
distinct vertices v and w, there is a path from v to w or one
from w to v (or both); Here a path is defined as an open
curve composed of consistently directed edges.

(6) A connected graph is such that every pair of distinct

vertices are joined by at least one chain. Here a chain
is defined as a set of edges which form an open curve. In
considering only the designated set of edges, the degree of each

end vertex is 1 with all other vertices in the chain each

having degree 2.
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(a) Circuit element representation

(b) Graph edge representation
Figure 1. Voltage and current orientation for circuit
representation and graph representation



20.

21.

22.

23.

24.

(6) A circuit is a set of edges which form a closed curve.

In considering only these edges the degree of each vertex in

the circuit is 2.

(13) A graph G with v vertices is a complete graph if each

pair of vertices is connected by an edge (a series or paréllel
connection of edges is not allowed). The degree of each vertex
of a complete graph is (v-1). A complete graph has Eﬁ%:ll
edges.

(6) A tree is a connected graph which has no circuits {(closed
paths). The author will use the terms subgraph and subtree
which will refer to a connected set of nodes which are a subset
of the total set of nodes.

A port tree is a connected set of‘edges each of which connects
a terminal pair from which voltages and currents of interest
may be measured.

A Lagrangian tree is a connected set of L edges corresponding

to L ports of interest, all of which have a common node. Thus,
a Lagrangian tree containing L ports has (L+15 nodes. The
orientation of the edges, as considered by the author, will be
from the + node to the - node with the common node being the
negative node. An example of a Lagrangian tree is given in

Figure 2. A Lagrangian subtree as used by the author is simply

a subset of the n ports of interest given by the port-admittance
matrix which can be grouped into a tree structure such as

illustrated in Figure 2. The convention of circling the port



representations will be carried throughout the text.

25. A linear tree is a connected set of S edges correspondiﬁg
to S ports of interest with (S+1) nodes. (S-1) of these nodes
have degree two while two nodes have degree one (end nodes).

An example of a linear tree is given in Figure 3.
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Figure 2. Basic form for the Lagrangian tree (or subtree) with
L ports of interest

®@ ©® &) ©

[ P O L Y R

Figure 3. Basic form for the linear tree (or subtree) with S
ports of interest all oriented in the same direction
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III. LITERATURE SEARCH

A. Concentration on (m+1l)-Node Resistive Networks

Even though much effort has been spent concerning the synthesis of
n~-port resistive networks the general problem seems far from being
solved. The results of previous investigations concerning (mt1l)=-,
(n+2)~, and on up to 2n-node (2n nodes are sufficient if the network is
at all realizable) synthesis of resistive networks will be presented with
the deserving references cited.

The (ntl)-node network is the simplest network (with reference to
the minimum number of nodes) that can be realized from an (nxn) port-
admittance matrix. At a first glance it éeems that it would only be
necessafy to find a tree of the voltage variables used for defining the
matrix. Indeed, this is an important step in most of the synthesis
procedures. When restricting an (nt1)-node network to a Lagrangian
tree structure containing the ports of interaest an inspection of the
matrix provides the simple necessary and sufficient conditions for
realization (26). These conditions restrict the matrix to one having
a hyperdominant or potentially hyperdominant form.

If the port-admittance matri# is based upon a linear tree of
voltage variables then the matrix must possess the property of being a
uniformly tapered matrix (or capable of being arranged in this form).
This result was derived independently by Guillemin (17) and slightly
later by Biorci and Civalleri (1) in their use of the sign matrix. If
Gik represents the twpical element of an nEE order matrix, G, then the

uniformly tapered condition is defined by
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Gy =0 | | ()
and

Gy ¥ 851,501 % Ci-1,3 Gy 40 2530 (6)
where by definition |

G; w1 = Go,5 = O- ' ' (7)

The preceding results concerning linear and Lagrangian trees were
also justified by Brown and Tokad (5) with a slightly different fogm of
derivation. The necessary and sufficient conditions for the realization
of a given (nxn) real symmetric matrix, A = [aij]n’ as the short-circuit
conductance matrix of a linear tree terminal graph using a complete graph
of R elements with (nt+1l) nodes appear in the following form as found in
the cited reference.

1. The sign pattern of A must be such that after a finite number

of cross-sign changes, all the entries are non-negative.
2. It must be possible to find a rearrangement of rows and

l,

| - la,

corresponding columns such that when N la.
i i-l,n

in
ntl _

s 2Oz = Q-
i#3; b= [al()l and A "7 = 0; then

AT =2 0
1

n-1 n
Ai - Ai 20

Ao ATt G@=1, - -, 0. (8)

Also, the corresponding requirements for the realization with a

Lagrangian tree are given (5).
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1. The sign pattern of A = [aij]n’ a;; > 0 must be such that after

a finite number of cross-sign changes all the off-diagonal

entries of A are non-positive.

n
2. 2aii 2 jfl |aij| withi=1, * * *, n. ¢))

Many of the basic features of (mtl)-node éynthesis were formulated
by Guillemin (175. Much of the‘initial.work was concerned with the sign
matrix. Except for row and column interchanges each sign matrix uniquely
specifies a geometrical tree pattern aﬁd vice versa. It is interesting to
note that the linear tree is the only one for which all signs in the port-
admittance matrix are positive. Thué, if the signs of the element values
of a matrix (port-admittance matrix) are all positive the matrix must be
a uniformly tapergd matrig or else it has no realization in an (nFl)-
node network.

Guillemin's '"tree-growing method" (16) recognizes that construction

of a tree from a givep matrix can be done by inspection once the pattern
of growth is established. Therefore, a sortiﬁg method is used on a cut-
set matrix that'weeés out the outermost tips énd twigs of the tree.
Once these are remoQéd the remainder of the matrix then possesses
additional tips. The process is continued until the growth pattern is
established. The method is actually regarded as a test for necessary and
sufficient conditions for realization since the procedure cannot fail to
yield a graph if one does indeed exist for the matrix. A detailed
discussion of the tree growing method is given in the reference (16).

Once the tree structure is established then a linear transformation

which carries the given matrix over to one corresponding to a linear tree
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or Lagrangian tree is used. The new matrix must satisfy.previously
mentioned conditions based upon the linear or Lagrangian tree. Thus,
the existence of a tree does not assure a realization. The topological
method concerning the tree growing process is certainly not fool-proof
and it is possible for a matrix to be realizable even though the (mt+1)-
node realization fails., |

Biorci and Civalleri (2) formulated several definitions and basic

properties which are applicable to (m+l)-node synthesis. They proposed
a topological solution for finding the tree of the graph. In their
work they used the following ideas.

1. The complete tree is the set of n ports.

2. A tree-path is a path of the complete tree.

3. The mutual conductance, Gij’ between ports i and j is positive
(negative) if the orientation of port j is the same as
(opposite to) that of the tree-path [i,j].

4, 1If Gij is positive (negative) and Gik and ij have the
same (opposite) sign the tree-path [i,j,k] exists.

5. Likewise, if Gij is positive (negative) and Gy and ij
have the oﬁposite (same) sign the tree-path [i,j,k] does
not exist.

6. The theorem stating that of the two mutual conductances,

Gac and Gbc’ the larger in absolute value is that between
port ¢ and that of the two ports a and b which is closer to ¢
in the tree path (c,a,b) proves to be a very useful theorem

in their work. This theorem is used to determine the order of
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ports which appear in a "series' portion of the tree. All of
the other ports are uniquely determined by the sign of the off-
aiagonal elements of the given matrix if a tree does exist.
A necessary condition that the conductance ﬁatrix, G, be realizable
with (n+l) nodes is that G be expressible as
G = ADA’ (10)
where D is a diagonal matrix wiéh non-negative elements, A is an E
matrix (that is, a matrix whose elements and subdeterminants take on:
only the values + 1 of 0), and A’ is the transpose of A (8). In other
words, each element of G can be expressed as a sum of some conductances
of the branches of the network (if it exists), which are non-negative.
These sums must be consistent with a possible connection of the branches
themselves. This method requires many computations — examining third-
order determinants of G, computing subdeterminants of A, and finally
determining the structure of the network from A.
The condition of paramountcy as a necessary condition for a matrix,
Y or Z, to be the admittance or impedance matrix of a resistive n-port
was established by Cederbaum (10). This same property is sufficient for
synthesis of a resistive 3-port from its admittance or impedance matrix.
A method for reducing the main-diagonal elements of a paramount matrix,
leading to its irreducible form is presented by Cederbaum (10).
Topological implications of irreducibility of the admittance orx
impedance matrix of an n-port network are in;estigated further by
Cederbaum in another reference (11). In special cases where (n-1) rows
of an nEE order matrix contain a diagonal element which is equal to the

absolute value of an off~diagonal element in that particular row,
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Cederbaum (11) proves that the conditions for realizability indicate a
n;;work which is realizable by (n+l) nodes or exactly n independent
circuits. Also, paramountcy is proved not to tc a sufficient condition
for realizability.

Essentially, the problem of synthesis of a resistive n=-port with
exactly (mt+l) nodes or n independent circuits may now be viewed as
solved (9). However, the class of matrices whose realization in the Y
or Z form may be accomplished by a straight-forward procedure is small.
This group consists only of matrices decomposable in the unimodular
congruence transformation with the corresponding E matrix yielding
nicely to topological methods, dominant Y matrices, and their realiza-
tion in the Z form if they can be considered planar networks., All
paramount matrices of order 3 fall into this class.

The idea of equivalent networks presents another problem in n-port
synthesis. As stated by Cederbaum (9), if an n~-port realization exists
there exist an infinite number of equivalent realizations. At the time
of the published reference (9) (and the author knows of no recent
contributions on the subject) there was no general theory of equivalence
nor a known method of getting from an algebraically feasible solution
containing negative conductances to a solution represented by non-
negative conductances.

At first, work with (ot+l)-node synthesis was concerned only with
matrices having all non-zero off-diagonal elements. When a zero off-
diagonal element appears it presents a question as to what sign should

be associated with the element. Cederbaum, Halkias, and Kim (12) found
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that k zero elements above the main diagonal presented 2k different sign
patterns thus establishing a much more complicated, but more flexible
type problem. The authors of the above cited reference proposed a
systematic procedure for obtaining the n-port structure of (m+1l)-nodes
associated with a Y matrix. Enumerating the particular features of this
method the following list is giyen.

1. A set of necessary conditions which eliminates a large class
of matrices is presented.

2, A procedure is derived for the determination of a port structure
when a few or no zero elements are present in the matrix.

3. A procedure which may also be applied to a Z matrix when the
matrix contains a large number of zero elements is given.

4. A procedure illustrates that more than one network each with
(a+1l) nodes and containing different port structures may exist
for a given Y matrix.

Most of the work of Cederbaum (8, 9, 10, 11), Guillemin (16, 17),
and.Biorci and Civalleri (2) lead to procedures one would call realiza-
tion rather than realizability criteria. 1In a later reference (1)
Biorci and Civalleri presented a realizability criterion which is
applicable to a matrix without going through the actual realization of
the tree. Basic forms (which the author will not repeat here) for the
sign matrix are given. If a proper arrangement of the given sign matrix
can be achieved to agree with one of the basic forms then this constitutes
sufficient proof of realizability.

Olivares (23) gives an algebraic approach for topological analysis
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and synthesis of thé star-tree equilibrium immittances — node
conductance matrix or loop .resistance matrix. This method utilizes a
complete graph on (ntl) nodes. The ideas of tie-sets, cut-sets, and
incidence matrices are combined to determine directly the diagonal
branch immittance submatrices from the node conductance matrix or the
loop resistance matrix. Since,.at the time of Olivares's investigations,
the necessary and sufficient conditions for realizing the star-tree
(Lagrangian tree) and linear tree node conductance matrices were known,
he stressed the unknown, but seemingly similar conditions for the loop
resistance matrix.
One of the more recent contributions to the area of resistive
(n+1)-node synthesis problems is presented by Boesch and Youla (4).
This new technique for determining the realizability of an n=-port on
(n+1)-noaes eliminates Cederbaum's method (10, 11), and avoids the "tree-
growing'' process of Guillemin (16, 17), and Biorci and Civalleri (2).
It is algebraic in nature and has only one restriction — the matrix
must have no zero elements. Some of the salient features of this
method are listed here,
1. It uses a new equation to relate the short-circuit admittance
matrix to the inverse of the connection matrix of port voltages.
2. A unique solution of the equatién for the connection matrix
is obtained by using a standard form for the short-circuit
admittance matrix.
3. A congruence transformation for hyperdominance is checked,

completing the realizability of the matrix.
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4, Tip ports are recognized by a new method.
5. This latter statement is applied to the realization of a
linear tree and eliminates the permutation process of getting
a linearly tapered form.
Although the method was confined originally to networks with complete
graphs, a later correspondence §26) from Boesch indicated that the
case of the incomplete graph was solved.
In the following comments the author will try to condense the
basic ideas of Boesch's method (4, 26). Noting that
I= YV (11)
where Y is given, then V may be represented by
V = A9 (12)
where ¢ is a column vector representing a set of node-to-datum voltages.
A is the transpose of a non-~singular incidence matrix. The node-to-

datum conductance matrix, Ya, is then given by the congruence transfor-

mation,
Y, = A'YA. (13)
Also,
-1
¢ =A"V (14)
or @ = BV. (15)

By defining the orientations of the tree branches, matrix B is found as

a lower triangular matrix by use of the matrix equation

» . Sgn ) +1U
B+ B > + 1n (16)

' . th . . .
where U is an n— orxder matrix, each of whose elements is +1, ln is the

unit matrix of order n, sgn (Y) = [sij] is the sign matrix of



20

Y (s.. =+1 if ¥..>0, s,. = -1 if Y, .<0).

ij ij ij ij

The elements of the lower triangular matrix, B, can be found from
B + B’ by taking one-half of the diagonal terms and reducing all the
elements above the diagonal to zero. From the topological interpreta-
tion of B, the tree of port voltages can be drawn if it exists. From
this, A is obtained by inspection. Then from Equation 13, Yﬁ will b-
hyperdominant if and only if Y is realizable. For a more complete

explanation and an example the reader is referred to the cited reference

3.

B. Considerations on Augmented Admittance Matrices
Later work by Guillemin (18)linvolved expansion of the short~
circuit admittance matrix with up to (n-1) additional rows and columns
of zero elements yielding a matrix, Gexp' Then the augmented matrix,
Gaug’ which was to be realized, was defined as
Gaug - Gexp + B. (17)
Matrix B possessed the following characteristics.

1. B was a matrix having the same order as Gexp'

2. The rank of B was directly dependent upon the number of rows
(columns) of zero elements in Gexp’ being exactly equal to this
number.

The method gave much freedom in the comstruction of matrix B, but

necessitated a trial and error procedure.

A geometrical consideration in conjunction with a paramount

admittance matrix, Y, has been presented by Cederbaum (9). 1In this

cited reference augmentation of the set of n ports to a linear (2n-1) port
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tree on a complete graph of 2n nodes leads to a system of in(m+1l)
equations in q = n(2n-15 unknowns. All of the real solutions of this
system of equations lead to equivalent n-ports. They are considered
points of a manifold L in gq-space, £l. In this cited paper (9) the
theory of equivalence is studied and properties of L are presented.

The (m+2)-node realization.of an (nxn) port-admittance matrix
necessitates the construction of a port connecting two sub-trees which
in some arrangement contain the n ports of interest. Halkias and Lupo
(19) have presented a reglizatioﬁ procedure on an (m2)-node network
where (n-1) ports constitute a linear sub-tree and the remainiﬁg port
forms the other sub~tree. Their method involves the realization of the
nE:rl row and column with the nEh port removed from the other (n-1)
ports. The necessary and sufficient conditions are presented for this
realization. In Section IVA the author further investigates this
realization technique based upon the Lagrangian tree formulation.

The nonlinear nature of the problem involved with (n+2)-node
synthesis prompted gge investigatioﬁ by Jambotkar and Tokad (21). An
arrangement of (mtl) resistors connected to a particular node in the
network represented the unknown parameters. The conclusions from this
reference are based on linear subtrees with the above mentioned connecting
resistors providing a means to cqntrol the number of resistors in the
network.

Frisch and Swaminathan (15) have formulated a new set of necessary
conditions for the (nxn) port-admittance matrix to be realized on (m2)

nodes. All of the procedures are based upon the fact that the two trees

possess linear structures. The derived "supremacy' conditions represent
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a set of inequalities involving products of pairs of elements in a matrix,
S, which is obtained from a linear combination of entries from Y. The
matrix Y is augmented by the addition of one port to form a connected
port structure (one linear tree consisting of the connecting port and the
two linear trees). The uniformly tapered conditions are then applied.
A statement concerning the extension of the method to the case of (uwtp)
nodes (2<p<n) is also given.

A new and enlightening approach to resistive (mt2)-node synthesis
is presented by Halkias and Lupo (20). The method relies heavily upon
the principles of (mtl)-node synthesis and is based upon the céncept of
paralleling three networks. One network containing both positive and
negative conductances establishes the intersubtree transmission properties.
The second network, sometimes called a null network, provides zero inter-
subtree transmission conductances, but realizes parasitic conductances
between the ports of a given subtree. The third network completes the
requirement of the subtrees and realizes the remaining portion of the
given port-admittance matrix. Since the properties of the linear tree
are well established, the port voltages associated with the Y matrix are
transformed over to the voltages associated with the linear tree. The
synthesis method is quite complicated and definitely needs more extensive
development if applied to (mtp) nodes, where p satisfies 2<psn. ‘As
cited by Halkias and Lupo (20) other investigators unknown to the
author, are investigating the generalization of this technique and are

1. determining the necessary and sufficient conditions on

admittance parameter matrices for their realizationms on



23

multitree-port structures;

deriving a systematized procedure for the determination of
multitree~port structures for (nxn) short-circuit admittance
matrices; and

obtaining a more systematized procedure for synthesizing

intersubtree null networks.
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IV. REALIZATIONS OF RESISTIVE NETWORKS FROM

PORT~ADMITTANCE MATRICES

A. Two-~Tree Synthesis Process with
One Tree Containing Only One Port
The realization of an nEh order short-circuit admittance matrix, Y,
corresponding to n ports of intérest with a circuit configuration con-
sisting of (mt+2) nodes requires the addition of ome port. This port,
which, in effect, is the addition of a cut-set, provides the connecting
link between the two trees which completely contain the n ports of
interest. The general port structure illustrating the connecting port,
. Rl’ is shown in Figure 4.
The Y admittance matrix defined by this (o+2)-node structure of

Figure 4 is represented in matrix form as

— - — __""1
Y11 V12 v 0 0 Vi Y1y
_ | _ o
Y = ' . . (18)
yn 1 . » . . . . . . - ynn .
Z-r 1 L] [ ] . L] . L] L] . . Ll . yE

where the column matrix y; ., i =1, ***, n, r, and its tramspose Y.,
j=1, **+, n, r, represent the matrix elements corresponding to the
additional port, Rl' Matrix Y has dimensions (1) x (ntl). Also, both

Y and Y are symmetric matrices. The partitioning of Y as in Equation 19
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Figure 4. A general port tree structure composed of two subtrees
connected by an additional port, R,, which may connect any
node of one subtree to any node of the other subtree
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corresponds to the partitions represented by Equation 20. In this

particular instance EAB and §%A are column and row submatrices with

§BB being a {1x1) submatrix.

— -
Yo | g

Y= |— — (19)
s | Yas]
_ _ =
yll ylz L] . L] . . . L] 3 yln yl‘r

Y= (= = (20)
Y1 Y22
ynl . o o e o o e o ynn
—yrl e » . . o e e - . . o - . er

To determine the relationships of the elements in the Y matrix to the
elements in the original Y matrix and thus observe the effects of adding
the connecting port, Rl’ we may perform a pivotal condensation on ;rr or

Y and find that

BB
¥, -7 YLlY, =v¥ 1)
AA AB BB "BA
or that
— 2
- (yir) P
yij - ‘}';rr = yij’ =75 i=1, ***, n
and 22)
; _M.:. y . ii‘j' j>i' i=1 cae n: j=l cee n
ij -7- ij’ 3 3 ] 3> 3 ? H

e
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where
- -
Y11 le ¢ o o o @ yln
Y = . (23)
Y21 Y22 :
Yn 1 . . . . . -. . ynn
_ il
§kB = §éA need not be restricted to column matrices as indicated by

Equation 20. In network analysis the pivotal condensation manipulation
as defined by Equations 21 and 22 permits the deletion of one or more
cut-sets (ports). This, in turn, reduces the order of the admittance
matrix by the number of cut-sets deleted. The new admittance matrix is
then related to a new network configuration with the appropriate nodes
of the original network which correspond to a deleted port being
coalesced by that port deletion. One may reduce an (otk)x(mtk) admittance
matrix to an (nxn) admittance matrix with the removallof the k cut-sets
and still retain the voltage-current characteristics of the n ports of
interest.

The pivotal condemsation operation also becomes a very valuable
tool in the synthesis problem. It permits the investigator to view the
effects of adding cut-sets (ports) to an original network configuration.
However, as shown in Equations 20, 21, and 22, the addition of one port
to an (nxn) port-admittance matrix requires the determination of (mt1l)
unknown quantities which satisfy the relationships of Equation 22. This
necessary condition assures that the input-output features of the n ports

are maintained.
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For (nxn) short-circuit admittance matrices which can be partitioned
into a special form, such as Equation 24, haviné aominant (n-1)x(n-1) and
(1x1) submatrices on the diagonal with a dominant nsh row and column,
the Slepian-Weinberg procedure (19) provides for a possible network
realization. This procedure excludes having to solve for the (n-1)
unknowns. It provides for the addition of a "fictitious" port which
connects the one port corresponding to the (Ix1) diagonal submatrix to the

remaining ports which are contained in a predetermined tree structure.

Y11 Y12 Yin-1 Pl — —
Yo1 - . YAA YaB
Y= " ) ) = - (24)
. . Yoo 1 Ypg
. L] . . T a

yn-l,l ¢ e e o o o yn"'l’n"l .

an

y 1 . e e o o e * o o s e y

In this section the following initial restrictions will be applied
to the matrix, Y, providing for the utilization of the Slepian-Weinberg
method.

1. Matrix Y must be partitionable into a form with two matrices
lying on the diagonal which must correspond to two Lagrangian
subtree graphs containing (n-1) ports and one port respectively.
According to the definitions of Section II these two sub-

matrices must have hyperdominant forms.

n-1

2. Py ly
i=1

| sy . (25)

in nn
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3. yinsOfori=1,--~,(n-]). (26)

The proper form for the Lagrangian subtree structures and the
connecting pdrt together with the orientation of ports is shown in
Figure 5. Before proceeding with the synthesis process we must be able
to justify two important facts pertaining to the selected type of tree
structures.

1. The elements of the [ (n-1)x1] submatrix, and those of its

Yap
[1x(n-1)] transpose, Y_,, are unaffected by the Lagrangian
BA

subtree structure corresponding to submatrix YAA'

2. The realization of elements in ?AB and YﬁA

realizations on the (n-1) Lagrangian subtree such that negative

do not cause parasitic

conductances are required to satisfy the total realization of Y.

Taking into comsideration that the off-diagonal elements in the nEh
column and row are negative, the Slepian-Weinberg procedure allows us to
form the 2n-node network of Figure 6 for the realization of the elements
in row and column n. Later it will be shown that the possibility of a
positive element may arise in row and column n if the orientation of a
port in the (n-1)-port Lagrangian subtree allows it to occur.

To show that YAB = YﬁA is unaffected by a port structure associated
with a Lagrangian tree configuration, a node from each of the (n-1)
ports can be coalesced into one common node with the tree structure of
Figure 7 evolving. The fictitious port, Rl’ and connecting branches are
shown. Entering of the appropriate cut-sets on this graph allows the

formation of the port-admittance matrix associated with the realization

of the nEh row and column of matrix Y.
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¢©

Figure 5. Basic form for port structure with one isolated port
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ZWHJ

n-i
Yon- 2 ‘Yinl
i=l

2 lylnl

. . . th .
Figure 6. 2n-node realization of the n=— row and column of matrix Y
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. . . th .
Figure 7. Realization of the n— row and column of matrix Y
with (n~1) nodes coalesced into one common node
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The new port-admittance matrix, Y, , which includes the additional

R
port, Rl, appears as
+2Iy1nl 0 e o o ¢ o o o 0 "2Iy1nl +2‘y1nl
= . o 2|y, | 0. . ... 0 -2y, | +2|y, |
Ry . o . . . . ]
0 0 e s s s e +2[yn-1,nl -21yn_1’nl +2|yn-1,nl
n-1 n~-1
2ly | =2ly, b e 2y g G By, D2 2y D
» i=1 i=1
n-1 n-1
C;’-Iylnl #2lypl e w2ly (-Zi;illyinb (4ifl|yin|)

(27)

By performing a pivotal condensation (Equation 22) on the (m+l)x(mtl)
element of matrix §£1’ the involvement of parasitic terms with the
(n-1)x(n-1) submatrix corresponding to the (n-1)-port Lagrangian subtree
becomes apparent. Also, the unperturbed values of the elements in the
n'z:-}:-1 row and column are observed. Thus, we may say that the r’:E’r-1 row and
column are realized by the branch conductances of Figure 7. The
manipulations explained in this paragraph are now illustrated.

The notation, §§ » indicates that a pivotal condensation has been
performed on §£1 with respect to the row and column corresponding to
port Rl' Thus, with §£1 being symmetrical
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|y10)° ly10! 195,
2|y, |- n_lln - n_in 20y v e Cly D
ifllyin{ i_iillyinl
. |y, 1y, | |y, |
T e G2lyppl- g ) - - e e Gl DY
i§1lyinl ‘ i;‘lllyinl
ClyD -lyy, 1 Ce e ()

(28)

Here it is obvious that the HEE row and column of §§~ are identical to
the nEh row and column of Y. At this step of the sy;thesis process we
can remove the portion of the network that is now realized (all branch
conductances involved in cut-sets n and Rl on Figure 7). This portion of
the realization will be added in parallel later to yield the total
realization of matrix Y. Using a simplified symbol notation for §§1 we
have in Equation 29 that

P11 PEI

T - . (29)

At this point it is appropriate to note that
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Y-?RP=
Lo fAyy Ay
where
A1p = Yan - By
A1g =Yg = Pp =0
Byp = ¥pa "By =0
A =Y. -P.. =0.

35

(30)

31

The parasitic effects that the realization of the nE-Il row and column

of Y have upon the conductance values associated with the (n-1)-port

Lagrangian subtree are obtained from the ?P matrix, Equation 28, and

R

shown in Figure 8. The magnitude of the 1550 element, i#j, of §§
1

corresponds to the value of conductance connecting the noncommon nodes

th

th - - .
of the i and j=— ports. The parasitic driving-point conductance, La’

is derived from matrix P11 as

(n-1)

.. - 2 |p..l =1L

ii oy ij
j=1
or

n-1

i=
z ly;.|

L

a-1 n-1
) lyan‘(ifliyinl:=iillyinl)] =L,a=1,"

Factoring the term Iyanl, we have

1 n-1
o 2y, I« ‘leyinl%lyan

* (n']-)' (32)
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Figure 8. Parasitic realization of n=— row and column of matrix Y
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sL,a=1, ", (. (33)

The terms within the bracket of Equation 33 are easily reducible to

n-1
ifllyinl, thus giving
ly, l n-l |
n-1 [-Ellyinl] - lyanl =Lpars 1, + 0 (e-D). (34)
£yl 7
i=1

All of the preceding steps in the development of the synthesis
procedure assures the important aspect of positive conductances. The
final step must now be completed. From Equation 30, the remaining
portion of the (nxn) port-admittance matrix to be realized correspounds
to the All submatrix. Once again, to insure having positive conductances
for this portion of the network, the matrix A11 must satisfy the necessary
and sufficient conditions for realization upon the (n-1)-port Lagrangian
subtree — A11 must be hyperdominant. In terms of the elements of All’

this means that

n-1

l. a2 .z‘laijl; i=1, " * *, (n~1) and (35)
i#]
=1

2. a;, S 0; idi; i=1,+++, (@1);j=1, -+, (a-1). (36)

The matrix A11 appears as
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(yll-zlylnl (le : (yl,n-l
ly,,1° 7100 195, Iy v 1
+ n-l| [ n-ll | s e . n-1 | [
|y y Loy
l=l in 1=1 in 1.=1 in
(}’21 (y22 zlyznl ...... (YZ n~1
N
gl bl bol® Pl ol
A11= n-1 n-1 n-1
iEillyinl i;ﬂllyinl Z ly, |
Op-1,1 p-1,2 Vp-1,n-1 lyn-l nl
2
110130 0l . ly2n||yn_1,n|> . by ;.| )
n-1 n-1 e n-1
37

Also, from the basic definition of Y it is shown that yijsO, i#j.
Thus, the off-diagonal elements of the All matrix must satisfy the
following inequality.

REAIEN
yab . n-1

ifl 19 | (38)

< 0; a#b; a=1, *++, (n-1); b=1l, «--, (n-1).

Another necessary condition for realizability is that the diagonal

elements of A11 satisfy Inequality 39,
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ZZly ‘3 a=1, " **, (mn-1). (39

Utilizing the conditions derived in Inequalities 38 and 39 in
satisfying Inequality 35 it is shown that

lZ

|y
an '’
yaa = zlyanl + n~1
ifllyinl
-1 ly_1ly, |
) b-—-zliyab + nfg.l = I 20,a=1, « -+, (n-1. (40)
oda i=21|yin|

If Inequality 38 is satisfied then Inequality 40 may be written in a

slightly different form as shown by

ly,_|?
yaa - zlyanl + ;‘._l—aL_
ifllyinl
+ :éi(yab + l;%%llzbgl) z20,a=1, ", (n~1). (41)
b#a iEllyinl

Rearranging Inequality 41 gives
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n-1
yaa + bz& yab
b#a

n-1 2 n-1
2|yan|i=zllyin|+lyanl +b=21|yan||ybn|

) n-1 ke =0
1fllyinl _
n-1
n-1 lyan‘i§1|y1nl
yaé+b§lyab' n-1 20
b#a =y |
i=
or
n-1
yoat = oyy -y l=z0,a=1, @ (42)
b=1
b#a

Noting that y, <0, a#b, it is observed that if a port-admittance
matrix, Y, is realizable upon (m+2) nodes utilizing the Slepian-Weinberg
procedure with Lagrangian subtree formulation, then the original Y
matrix must be of a hyperdominant form. Just as before, when the P11
matrix was realized on the (n-l)-port Lagrangian subtree graph to
illustrate the parasitic effect that the nEh row and column realization
gave, the All matrix can now be realized. The transfer conductance
between the noncommon nodes of the iEh and th ports are designated by

the magnitude of the ith element of A given by Equation 43.

Dyl

ij n-1
1;21 |yl

= ly [; i=1l, +-, (n-2); j=2, -, (n-1);

a,.
1]

i#3; j>i. (43)
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Likewise, the driving-point conductances are given by Inequality 40 when

the left side is set equal to Sa’ a=1, « «+ », (n-1). The network °
corresponding to the realization of matrix All is shown in Figure 9.

Superimposing the two networks that have been realized upon the same
set of nodes one obtains the network of Figure 10. This is the full
realization of the port-admittance matrix, ¥, on (n+2) nodes.

As mentioned previously in.this section, a possible sign pattern
might develop on the off-diagonal elements of the port-admittance matrix,
Y, such that a star arrangement of the ports could still be realizable.
Such an arrangement might be viewed as follows. The construction of a
tree containing n ports with ail ports coalescing at a common node and

with orientation toward this common node satisfies the sign matrix of

Equation 44.

—:__ ¢ o e+ o OT
...l.... . . LY L -

S= ——+o . LI ] . . (44)
L_-__ e o o o o -j'—J

If the direction is reversed on a port of this star tree the signs in

the row and column corresponding to this porﬁ are changed also. Thus,
with a given Y matrix possessing both positive and negative off-diagonal
elements, if there is a possible port (or ports) direction change such
that the sign pattern of Y (Equation 44) is sétisfied, the matrix has
possibilities of being realizable on this port structure. Of course, the

dominant condition must be satisfied also. The above mentioned remarks
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Figure 9. Realization of matrix A

11
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Figure 10. A realization of the port-admittance matrix, Y, on (n+2)
nodes
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are referred to as a series of cross-sign changes by Brown and Tokad (5).
This idea was discussed previously in the Literature Search Section.

All of the synthesis procedures outlined in this section will still
apply to a Y matrix with (+) and (-) off-diagonal elements if a finite
number of cross-sign changes yield the sign matrix of Equation 44, In
retaining the originaifsign matrix for Y with the corresponding orienta-
tion of ports the realization of the nEh row and column of Y is the same
except for Inequality 26, yinso, i=1, ¢+« ¢« ¢, (n-1). This condition is
not necessary if the direction associated with the 2|yinl element agrees
or disagrees with the orientation of both cut-set i and cut-set n.

The sign pattern for the elements of §§1 will be the same as the
sign pattern for Y. Thus, the parasitic effects will not be altered by
a sign change in the Y matrix if all other conditions are agreeable for
realization. SuBtraction of §§1 from Y to determine the remaining portion
of the port-admittance matrix, Y, to be realized will be performed in
exactly the same manner as in Equation 30. If port i and port j form

a linear subtree with port orientations in the same direction, then

yijZO and the ith element of A11 will appear as

lyinl Iyl
Yig " Tl A=l e, el gL, @Dl (69)
z ;0]

Thus, Inequality 38 must be changed so as to read

ly, Iy | -
g, - SRR 0 afb; asl, +or, (a-D); bel, ov, (@-D)

ifllyinl ] %6)
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when the sign pattern demands it. If Inequality 46 is satisfied then
Inequality 40 will be consistent regardless of the sign pattern of Y.

This is true because the value of the term

n-1 ly_lly. |
) bE:llyab + nfrll - I
b#a ifl{yinl

doesn't change whether the directions of ports a and b are opposite or

the same with respect to their common node.

B. Example One Illustrating Qualified
Port Removals from Lagrangian Tfee Structures

An example will illustrate the fact that not just any one of the
n ports can be removed from an (ntl)-node realization involving an
n-port Lagrangian tree by the Slepian-Weinberg procedure and still yield
a realization with all positive conductances. From this example and
other port-admittance matrices studied by the author a possible conjecture
might be that a likely possibility for a port removal is a port associated
with the off-diagonal element of smallest magnitude.

For the example the port-admittance matrix is given by Equation 47.

8 -1 -4 -1

17 -1/2 -3
Y=, -1/2 8 -1 (47)
1 -3 -1 10

This matrix satisfies the sufficient and necessary conditions for realiza-
by an (nt+l)-node network as shown in Figure 11.
The (n+2)-node realization with the removal of port &4 progresses

as follows. Column 4 and row 4 are realized by the network of Figure 12.
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Figure ll, A Lagrnagian tree showing conductance values
for an (n+l)-node realization of Equation 47
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Figure 12. Network with conductance values illustrating the 4£h row
and column realization of Equation 47 on (n+2) nodes
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Equation 37 then gives the remaining portion of the Y matrix to be
realized. Using the appropriate element values the All matrix is

given by Equation 48,

g4 L 3 o by ]
@-2+ D (-1 3) (-t )
=1 o 3 et 2 1.3
Ajp = (1+5 (7&%—5) (2.+5)
1 1, 3 1
__£-4+ D (-5+ D (8-2+ 52_J
or — _ —
3t _z - -_19
5 5 5
2 14 L
19 1 31
- — 4 — ==
5 10 5 |

Thus, in trying to synthesize A11 upon the (n-1)-port Lagrangian
subtree structure, it is found that the + 1/10 element in the A11 matrix
requires a negative conductance of magnitude 1/10 to be placed between
the noncommon nodes of ports two and three. This fact clearly illustrates
the idea of not being able to remove any given port from an (mt+l)-node
Lagrangian tree realization to form an (n+2)-node network using the
Slepian-Weinberg procedure.

The (n+2)-node realization with port three removed is now illustrated.
Interchanging columns 3 and 4 and rows 3 and 4 the Y matrix appears as
Equation 49.

8 -1 -1 -4

Y= {-1 7 -3 -1/2 (49)
-1 -3 10 -1
<4 -1/2 -1 8
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The portion of the network realized first (row and column 4 of

Equation 49) is shown in Figure 13.
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Forming the A11 matrix,

4

11

(-1 +

1
(7-1 + 22) (-3 +

(-3 +

1

11

O HW -
lo l—le »—'l“"l

—
[

(10-2 +

8

11
1

11

——

2

10|

(50)

It is readily observed that Al1 is realizable on the Lagrangian subtree

structure with ports 1, 2, and 4.

Thus, the parasitic effects do not

contribute to the extent of requiring negative conductances for the

realization of the port-admittance matrix, Y.

At this point it is instructive, as well as providing a check, to

form the Y5

Figure 14,

%5 port-admittance matrix utilizing the cut-sets as shown in

By performing a pivotal condensation on the diagonal element

corresponding to the 5Eh port, the original Y4x4 port-admittance matrix

is formed.

respectively as

These two matrices are given by Equations 51 and 52
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Figure 13. Network with conductance values illustrating realization of
the 4B row and column of Equation 49
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Total realization with (nt+2) nodes of Equation &7 or

Figure 1l4.
Equation 49



120 _ 1 _ 3 -
T " 11 11 8 8
1 s L2
"1 22 11 1 1
- {. 3 _32 112
Yous = | = 11 11 11 2 2 (51)
27
-8 -1 =2 L -1
| s 1 2 - 11 22
and
8 -1 -1 -4
Y= |1 7 -3 -12 ) . (52)
-1 -3 10 -1
| - 4 -1/2 -1 8 |

£. _.Two-Tree Synthesis Process Utilizing
Complete Connecting Graph

In Section IVA the port-admittance matrix, Y, was subdivided such
that one submatrix corresponded to a l-port Lagrangian subtree structure.
When the matrix Y is partitioned with two submatrices on the diagonal
which have dimensions (axd with a22 and (GxDH with b22 respectively, the
Slepian-Weinberg formulation doesn't apply as readily. In this particular
section and in Section IVF the author will provide synthesis procedures
which preserve the Lagrangian subtree structure corresponding to the
designated submatrices. Also, the necessary equations and inequalities
which are required to solve for the unknown quantities that appear with
the addition of a connecting cut-set will be given.

The method of synthesis discussed next is also applicable to a

matrix with a (x1) submatrix on the diagonal. For purposes of
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simplification the examples used in Section IVD and Section IVE
correspond to this type of partitioning of the port-admittance matrix.
Here an (nxn) port-admittance matrix, Y, is considered which can
be subdivided into two hyperdominant submatrices appearing on the
diagonal. Thus, as stated before, these submatrices are realizable on
the Lagrangian subtrees of the pomplete network graph. The matrix and

the corresponding Lagrangian subtree network is shown by Equation 53 and

Figure 15.
r— ' —
yaa ® e 0 80 90 yaf yag 4 o 6 6 060 0 0 yan
* * - * : * . : Yaa l Yab
yfa e 8 o0 0 v e yff yfg L I B I ) yfn
oy Ve !y y o e 52)
ga gf gg gn Yba l Ybb
yna . o % 0000 ynf yng ® e &8 0 0 ynn

Further specifying the structure of the complete network graph,
the common nodes of the two Lagrangian subtrees are connected by a port,
Rl’ as illustrated in Figure 16. Associated with Figure 16 is a port-
admittance matrix with dimensions (n+1)x(ntl). The connecting cut=-set
contains all of the edges which pass from the nodes in one Lagrangian
subtree to the nodes in the other Lagrangian subtree. For maximum
flexibility a complete connecting graph is assumed. Thus, from each
noncommon node in one Lagrangian subtree there emanates two branches
of the network corr¢3ponding to a port of the other Lagrangian subtree.

Considering f ports in one subtree and (n-f) ports in the other subtree
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Figure 15. Basic structure for Lagrangian subtrees corresponding to
Equation 53

Figure 16. Basic structure for Lagrangian subtrees including connecting
port, R1
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we have u = (£1) (n-£+1) unknowns for which to solve. This number of
unknowns is obtained as follows. A term, (n-£)f, equals the number of
branches connecting every noncommon node of one subtree to each non-
common node of the other subtree. Additional terms, (n-f) and £,
represent the number of branches connecting the noncommon nodes of one
subtree to the common node of the other subtree. Then another conductance
is placed between the common noées of the two subtrees. Adding these

" terms we obtain

(=
]

(=-£)(F) + (n-£) + £+ 1 = (n-£f) (&+1) + (£&1)
or

(n-£+1) (£+1) (54)

o
It

The method of solving for the unknown conductances will now be
formulated. First, Figure 16 is expanded to illustrate the unknown

conductances and the cut-sets with their proper orientation as in

Figure 17. The port-admittance matrix, YR , for Figure 17 is shown by
1

Equation 55. The partitioning is directly related to the port structure

of the Lagrangian subtrees and the connecting cut-set. Submatrix Yll

corresponds to the subtree with ports a through f£. Submatrix Y22

corresponds to the subtree with ports g through n while submatrix Y33

is associated with cut-set Rl' Note that cut=-set R1 crosses each

connecting edge or all of the unknown conductances. Therefore,

] 0
§R1= Y1 | Yoo | Yo - (53)
| Y31 | Ys2 | Va3
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=~ l -~

Figure 17. Graph illustrating the two Lagrangian subtrees and their
interconnecting set of unknown conductances



57

Forming Y., from Figure 17 we have that

11

(2 conductances
crossing cut- 0
set a) .

Pecssencrcne 0

(2 conductances
crossing cut-
set b)

11 . (56)

Cese s e O
.
.
O e e

(X conductances
crossing cut-
set £)

@0 00000 s0 Pt et etV sa0sOTROEES o

o

Zero elements arise in matrix Y11 since there are no conductances

common to the cut-sets in the same Lagrangian subtree. Likewise,
(X conductances
crossing cut- - 0 N ¢
set g) :
(X conductances .
Y, = 0 crossing cut- . . (57)
22 . .
. set h) .
. ‘. 0
* (2 conductances
0 ® € 0 90 00 000N 00 OB OG0 0eIe R o cros S ing cut-
set n)
e el

Continuing to form the submatrices of §£1 we have the following

— = v/ = v/’
forms for le = Yél’ Y13 Y3l’ Y23 Y32, and Y33.
—?: conductance
common to cut-
sets a and g)

(- conductance
common to cut-
sets a and n)

(- conductance
common to cut- e« ¢
sets a and h)

, (- conductance . .
Y =Y = common to cut- . .
12 21 sets b and g) . .

(- conductance
common to cut-
| _sets £ and g)

(- conductance
. common to cut-
sets f and n)
(58)
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% conductances common to
R cut-sets a and R
i 1

% conductances common to
Y., =Y. = cut-sets b and Ry . (59)

% conductances common to
cut-sets f and Rl

¥ conductances common to
cut-sets g and Rq

% conductances common to -

= v/ -
Y23 Y32 cut-sets h and Ry (60)
- Z conductances common to
cut-sets n and R1
Y33 = [Z conductances common to cut-sets Rl] (61)

Upon performing a pivotal condensation on Y33 in Equation 55 we have

that
(o = Y. Yorv.) (Y, -Y voly )
11 13 33 *31 12 13 33 *32
—p
YR = _1 "1. . (62)
1 (Yy) = Ypg Y33 Yg7)  (Ypy = Yy3 ¥gq ¥y))
Now, Yab = Yéa of Equation 53 must be realized exactly by the

conductances connecting the two Lagrangian subtrees. With this fact in

mind, the obvious conclusion to draw is that

’ -1

Yoo = Ypa = Y12 = Yy3 Y33 Y35 - (63)
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Just as with the synthesis process of Section IVA, the realization
) 4 . . .
= a
of submatrices Y13 31, 23 Y32, and Y33 will cause parasitic
realizations upon the two Lagrangian subtrees. These parasitic realiza-
tions must not cause negative conductances to be used so as to fully

realize Y. Therefore, the remainder of the Y matrix to be realized, Yl’

is found as .

—_ —_—
SIS TR T 33 31)
Y. =Y - Y = : . (64)

-1
(T ~¥p5tYa3¥3373)) |

Utilizing Equations 56-61, 63 and 64, relationships involving the
various unknown conductances can be formulated in conjunction with the
elements of the port-~admittance matrix, Y. Substituting Equations 58-~61

into Equation 63 yields

( (ZaR,) (Z‘gRl)) ( (ZaR)) (Zth)) , (ZeR,) <2anT

~agt -aht . . -ant ———————)
IRy Ry 2Ry

o ZEOCRD @R (5 o R R

1 (b -btt ——™™) . . . (-bnt ——)
Yob = & IRy Ry . 2Ry

, (Z£R,) (EgRl)) , (ZfR,) (Zth)) y , (Z£R,) <an1))

-fotr -fht . .. (-fob —e——2"

| Ry Ry " Ry ]

(65)

Here the author uses a simplified notation. A term such as (ag)
refers to the conductance common to cut-set a and cut-set g. The term

Z.aR1 refers to the sum of conductances common to cut-set a and cut-set Rl’
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Also, ZRl refers to the sum of all conductances connecting the two
Lagrangian subtrees. Now, the general expression for the ith elemeﬁt
of Equation 65 wﬁere cut-set i and cut-set j are in separate Lagrangian
subtrees can be written as

- (conductance (X conduct- + (X conduct- (Z conduct~-

common to ances not ances in ances in
cut-sets in cut-set cut-set i cut-set j
i and j) i or cut~ and not in  and not in
- set i) cut-set j)  cut-set i) (66)
Yij L conductances '
common to cut-
set R1

As expected, the matrix of Equation 65 is not symmetrical.

Working with the off-diagonal elements of Ya and Ybb (conductances

common to cut-sets in the same Lagrangian subtree) and applying the
necessary and sufficient conditions for realization, the following
inequalities are determined.

-1
Yoo = Yqp + Yya¥a3Y

-1
Yo = Ypp + Ypa¥sa¥y, S 0 : (68)

31 $ 0 (67)

However, the off-diagonal elements of matrices Y;; and Y22 are equal to

zero. Thus, Inequalities 67 and 68 reduce to

-1
Y + Y13Y33Y31 <0 (69)

and
-1

YB + Y23Y33Y32 < 0. (70)

After making the proper substitutions and performing the indicated
matrix operations, Inequalities 69 and 70 produce submatrices containing

the general ith element,
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(£ conductances common (X conductances common

to cut-sets i and to cut-sets j and
Rl) Rl)
yij + % conductances common < 0, i45, (71)
to cut-set R1

with cut-sets i and j located in the same Lagrangian subtree. At this
point the fact should be reviewed that the orientation of the ports

of the Lagrangian subtree in conjunction with the signs of the elements
of matrix Y dictate that yij is negative. The second term of Inequality
71 will always be positive. Therefore, the parasitic coupling effect —
second term of Inequality 71 — between ports located in the same
Lagrangian subtree cannot be greater than lyijl'

The parasitic driving-point effect should be considered at this
stage of the synthesis process. This is obtained by the comparison of
the diagonal elements of Y and the contribution of the pivotal condensa-
tion calculation upon the diagonal elements of §§1. Using Equations

56-61 it is easily shown that the pivotal condensation operation produces

terms on the diagonal of §§ having the following form.
1

(X conductances commgn to
(¥ conductances cut-set i and Rl)
common to cut- -
sets i and Rf

(X conductances common to (72)

cut-set Rl)

or

(¥ conductances common (I conductances not common
to cut-sets i and Rl) to cut-sets i and Rl)

(2 conductances common (73)

to cut-set Rl)

Now, considering Equation 64, the diagonal elements of Y1 must all

be positive. Thus, Inequality 74 must be satisfied. The set of n
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inequalities obtained from

(Z conductances (T conductances
common to cut- not common to
sets i and Rl) cut-sets 1 and_Rl)

20 (74)

Yii ~ (2 conductances common
to cut-set Rl)

is not used to solve for the unknowns since it becomes a part of another
set of n inequalities involved with the magnitude conditions associated
with the Lagrangian subtree networks. The latter set of n inequalities
evolves from matrix Yl' Using Inequalities 71 and 74 and remembering
that yijSO with cut-sets 1 and j in the same Lagrangian subtree, we have

the set of n inequalities from

(£ conductances common to(Z conductances not common to
cut-sets i and Rl) cut-sets i and Rl)

Vi1 T (X conductances common to
cut-set Rl)

(¥ conductances (X conductances
common to cut- common to cut~-
sets i and Rl) sets j and Rl)

- - yij - (X conductances = 0. (75)

common to cut~
set Rl)

Simplifying Inequality 75 we have that

(£ conductances
common to
cut-sets i

and Rl) (£ conductances (2 conductances
Vesty. .- not common to =~ common to cut-f 2 0. (76)
ii 7ij (2 conductances . .
cut-sets i and sets j and R.)
common to 1

R,)
t-
cut-set Rl) L1

To complete the synthesis process the conductance values which are
placed between the noncommon nodes located in the same Lagrangian subtree

and the conductance values placed across the port terminals are required.
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When Inequality 71 is set equal to Lij’ it represents the conductance
value that is common to cut-sets i and j of a Lagrangian subtree. 1In
the same manner, when Inequality'76 is set equal to Li, it represents the
conductance value that connects the iEh node to the common node of a
Lagrangian subtree — the shunt conductance of port i.

The number of equations and inequalities that can be obtained from
an (nxn) port-admittance matrix, Y, with one Lagrangian subtree containing

f ports and the other Lagrangian subtree containing (n-£f) ports is

n(mntl
2

equations which are required to be satisfied exactly. Equation 66

. Referring to Equation 53, matrix Yab contributes f(n-f)

yields this set of equations. Inequality 71 provides

f2-f + (n-f)z-(n~f) _ 2f2-2nf+n2~n
2 2 B 2

inequalities. In addition, Inequality 76 gives n inequalities which are
used to solve for the unknown conductance values.

In comparing Equation 54 (u = (n-£+1) (£+1)) with Eﬁgtll it is
interesting to note that Bigtll is greater than or equal to the number
of unknown conductances for all values of n except n = 2. For finding
the maximum number of unknowns for a particular n one can use

u(f) = (n - £+ L)(f+ 1). an

Taking the derivative of u(f) with respect to £ and setting the result

equal to zero yields

i%li‘é.—ﬁ=n-2f—o. -

Solving for £ in terms of n, f = g. By performing the second derivative
one finds that f = %'represents the value of f which gives the maximum

value for Equation 77. Substituting f = % into Equation 77 yields
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_n_+ 4n+ &
umax(f) - 4 (78)

which is greater than Bﬁgill only for n = 2 corresponding to allowable
values for f. The network realized by the synthesis procedure just

explained is shown in Figure 18.

D. Example Two Illustrating (n+2)-Node Synthesis of a
Port-Admittance Matrix Which is Nonrealizable by an
(m+1)-Node Lagrangian Tree
Thé following example illustrates the method of synthesis as
described in Section IVC. A (ﬁxS) port-admittance matrix is given by

Equation 79.

200 _ 15 108
24 24 24
I UL 167 108 79
¥ 24 26 2, (79)
_ log 108 192
|~ 2 24 24|

It is readily seen that a network with (m+l) nodes based upon a 3-port
Lagrangian tree cannot be synthesized from Y because of the nondominant
condition. But the Y matrix can be partitioned such that there is a

(2x2) submatrix on the diagonal and a (lx1) submatrix on the diagonal
which correspond to a Lagrgngian subtree with two pofts and a Lagrangian
subtree with one port respectively. 1In Figure 19 ports 1 and 2 are

shown in one Lagrangian subtree and -port 3 is shown in the other
Lagrangian subtree. The connecting port corresponding to cut-~set &4

along with the complete set of six connecting conductances are also shown.

The six conductances represent the unknown quantities. Equation 66 and
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Figure 18. (n+2)-node network with unidentified edges as unknowns
based on two Lagrangian subtree structures for a realizable

port-admittance matrix
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Figure 19. Graph illustrating the two Lagrangian subtrees with their
set of six unknown connecting conductances
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Inequalities 71 and 76 are used to solve for the six unknowns. From‘

Equation 66 one gets
108~ Y1(5tye) + ¥, (ptye)
" 2% 3 (80)

oy,
i=1 *

and

L 08 _ " (gtye) + y3Optyg)

20, - 6 (81)
z y.
i=1 *

Inequality 71 yields

(y,+y,) (v,1¥,)
145 174 273
-5 + 3 < 0. (82)
Z Y.
=1 1

1

Inequality 76 yields the following three inequalities.

200 145 O17Y,) (vstyg)

2% " 24 T 6 =0 (83)
zy.
i=1 *
(y,7y4,)
167 145 273
Tyl (y5tyg) 2 0 (84)
%y,
i=1 *
(y,+y,7ye)
192 172" 7s
24 + 0 - 6 (Y3+Y4+y6) 20 (85)
z v,
i=1 *

One set of values which constitutes a solution for the preceding equations
and inequalities is y1=y3=10, y2=y4=y5=y6=1.
Continuing with the synthesis method described in Section IVC, the

conductance y, common to cut-sets 1 and 2 is found by taking the magnitude
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of the left-hand side of Inequality 82 and designating it Yar Likewise,
Vo Yoo and Y4 representing the shunt conductance values of ports 1,'2,
and 3 respectively are found by taking the value of the left-hand sides
of Inequalities 83, 84, and 85. The complete realization of Y
(Equation 79) is shown in Figure 20.

As a check on the realization of Figure 20, the port-admittance

matrix can be formed as in Equation 86.

—1 —
2 -1  -10 11
- -1 12 -1 11
Vixt = (86)
- 10 -1 % - 12
11 11 - 12 24 |

Upon performing a pivotal condensation on the Vi element of Equation 86,

the original Y matrix (Equation 79) is obtained.

E. Example Three Illustrating (n+2)-Node Synthesis of a
Port-Admittance Matrix Which is Noﬁrealizable by an
(n+1)-Node Network
In the previous example, even though the port-admittance matrix was
not realizable upon an (nt+1l)-node Lagrangian tree, it was realizable
upon an {(m+l)-node linear tree. The author would now like to consider
the classic example which is not realizable by any (nt+l)-node network.

The port-admittance matrix is given by Equation 87.

y= -5 9 1 @D
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Figure 20. Complete realization on (ut2) nodes for Equation 79 with
conductance values given
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The network that is finally synthesized is shown in the cited
reference (25). This section illustrates that the same network realiza-
tion may be obtained by the synthesis methods described in Section IVC.
The Y matrix is partitioned with ports 1 and 2 in one Lagrangian subtree
and port 3 in the other Lagrangian subtree. The basic structure is
illustrated in Figure 19 and is not duplicated here.

Upon using Equation 66 and Inequalities 71 and 76, the six unknown
conductances are placed in the following relationships. From Equation 66,

- = yl (YB+Y6) + Y4(YZ+Y5) (88)
6

z V.
i=1 *

and

- v, (y,+y.) + y.(y,+yc) .
L= 242 3V1 757 @9
z oy,
i=1 *

Inequality 71 yields

(y1*y,) (95ty3)
6

z y.
i=1 *

- 54 < 0. (90)

Inequality 76 yields the following three inequalities.

(y,+y,) (ystyg) S

9 - 5 - = 0 (91)
Loy,
i=1 *
(¥5+y2) (yety,)
9 -5 - 22 26 59 (92)

z .
i=

1 1
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(y+y,+tye) (yoty,+y.)
1265 374767 5, (93)

Ly,
=1 *

9+ 0 -

i

A set of values that constitutes a solution for the Equations and
Inequalities 88-93 is y1=y6=0, Y= %}, ¥4= %}, y4é17, and Y= %}.

As with the previous example, the conductance y, common to cut-sets
1 and 2 is found by taking the ﬁagnitude of the left-hand side of
Inequality 90 and designating it Yge Also, Ypo Ye» apd Y4 representing
the shunt conductance values of ports 1, 2, and 3 respectively are found
by taking the values of the left-hand side of Inequalities 91, 92, and 93.
Figure 21 shows the complete realization.

Forming the port-admittance matrix of Figure 21, Equation 94, and

then performing a pivotal condensation on the element, the original
P g Y

Y matrix (Equation 87) is obtained.

17 0 0 17
o 9 .11 85
Yoy = : ¥ X (94)
o 2 9 _ss
8 8 8
85 85 289
17 g 8 8

These steps serve as a check for the realization of Y.

F. K-Tree Synthesis Process Utilizing Lagrangian Subtrees
Proceeding to a much more general problem, the author wishes to
consider not only the possibility of an (nxn) port-admittance matrix, Y,
being subdivided with two hyperdominant submatrices on the diagonal, but

k hyperdominant submatrices on the diagonal. - Once again, these
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Figure 21. Complete realization on (n+2) nodes for Equation 87 with
' conductance values given
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hyperdominant submatrices correspond to Lagrangian subtrees with the
ports directed toward the common nodes. As indicated previously there

is the possibility of positive off-diagonal elements in these submatrices
if the port directions permit. Under the prescribed conditions, the Y

matrix takes on the following form.

yll LI N ] yla yl’a-l-l . LN ) ylb ® 900 yl’n-r L I yln
Va1 *v* Yag Ya,ar1 " Yab oo Ya,ner Yan

Yar1,1 " Yarl,a' Yarl,a+1 °°° Yar1,0' Vet ner 07 Yarl,n

Yh1 v Ypa yb,a+l e Ypp eree yb,n-r <ot Ypn
n-r,1 *** Yn-r,a Ya-r,at1 **° Tn-r,b'"""" Ya-r,n-r **° Yn-r,n
ynl LN N ] yna yn’a+1 LN N 4 yn,b «ewe yn,n-r . e ynn J

(95)

Corresponding to Equation 95, Figure 22 illustrates the form of

the graph of Lagrangian subtrees with the connecting ports, Rn+1’

Rotas oo Roppe

arrangement. The cut-sets are also shown. A new port-admittance matrix,

1° shown linking the common nodes in a linear subtree

§£-1’ with dimensions (mtk-1)x(n+k-l) associated with Figure 22 can now

be defined as
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—
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1) connecting ports

Graph of k Lagrangian subtrees and (k-

Figure 22.
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Partitioning §k-1 into a more compact form we have
Y = €XD)

where the submatrix R11 refers to the portion of the E%-l matrix

designated with x elements. Since R11 can be written in terms of R12’

R21, R22 and Y as
-1
Y= Ryp 7 RppRooRor o
or
~ -1
Ryp = ¥+ RypRyoRyg (98)

we have only the following number of unknowns in the'§£_1 matrix —

2
Number of unknowns Z = n(k+l) + (k-1) ;(k-l) + k-1, This is simplified

to Equation 99,

2
z = nk-1) + 5 -

Dby

. (99)

In contrast to the method presented in Section IVC where only one
cut-set was added, the elements of the matrix §£-1 are the unknown
quantities and not the circuit conductances. Perhaps one could use
Equation 98 and satisfy the off-diagonal submatrices exactly and carry
out the synthesis procedure utilizing the idea of parasitic effects while
realizing the various k Lagrangian subtree networks. More will be
mentioned concerning the merits and limitations of this procedure in
Section V.

Now the author wishes to pursue a new method of synthesis for the
Y matrix with k submatrices on the diagonal. The principles associated

with Lagrangian tree synthesis methods will still be utilized. The
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development of the procedure for the general Y matrix follows.
A port representation of the resistive network in question is shown
in Figure 22 with the port equations having the form.

I(t) = ?k_lv(t)

or
- - . - .
I, v,
) R, Ry, )
.o l= ) . (100)
I v
—n— R g aEhg
0 v
. Ro1 Ryo .
°] L I I

If the port-admittance matrix, Y

-1 is realizable upon the tree of

Figure 22 it is realizable upon a complete graph (each node is connected
by a branch of the network to every other node) corresponding to this
tree. The complete graph will provide the maximum flexibility for
realization since zero-valued conductances will be allowed. Using the
principles of a complete graph it is readily apparent that a new
Lagfangian tree can be formed upon the entire set of nodes in Figure 22.
The next step is to perform a linear transformation from the graph
corresponding to the connected set of k Lagrangian subtrees to a graph
of only one Lagrangian tree while preserving the original port
relationships. Consider this new Lagrangian tree to take the form of

Figure 23 with the designated cut-set notation. The common node of this
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Figure 23. Graph of one Lagrangian tree utilizing all (otk) nodes of
the network
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Lagrangian tree is an arbitrary choice and affects only the form of the
transformation matrix.

Figure 24 illustrates the superimposing of Figure 23 on Figure 22
to form a new graph. The tree of the new graph, Figure 24, is chosen as
the branches of the Lagrangian tree of Figure 23. Then the cut-set
matrix, Q, for the new graph can be easily formed. It is given by
Equation 101 which maintains thé various Lagrangian subtree partitionings
associated with Figure 22, Matrix Q appears as Equation 101 with the
matrix I representing an (mrk-1)x(mtk-1l) unit matrix. (Equation 101
appears on the following page).

Writing matrix Q as

Q=1[Q;; Q] . (102)

with Qll = I, the new port-admittance matrix, Yt-l’ is given as

L

- > ’
k-1 = Q¥ 1Q0- (103)

Y

L
The Yk-l

are applied. Matrix Yt-l

matrix is now the matrix to which the Lagrangian tree principles

has dimensions (ntk-1)x(ntk-1). Thus, the

hyperdominant restriction provides for a set of (n+k-lé(n+k-2) inequalities.

In addition, the dominant condition, as applied to the diagomal elements,
contributes (m+k-1) inequalities. The total number of inequalities that

are available to solve for the unknown terms in Equation 96 are

koD (Whe2) 4 (1) = (k-1 [LEE, (104)

It is easily shown that the number of independent inequalities given by
Equation 104 will always be greater than the number of unknown terms

indicated by Equation 99.
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Figure 24. Two different trees whose combination forms a new graph
‘ covering the same set of nodes and providing for the
formation of the transformation matrix, Q
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Since Qk-l is symmetrical and since there is a unit submatrix

11 of §%_1 will be unchanged by

the matrix operations of Equatiom 103. Remembering the established

contained in matrix le, the submatrix R

- . . L .
matrix partitions the author wishes to write Yk-l as Equation 105 and

in a more compact form — Equation 106.

e e e . . X X

(X1 %50 ik | *1r

1. ) X
YL = - L] . [ ] (105)
k-1 1. i . )

SIS

X

rl r2 ¢ rk rr
T |
. it ' Ly
Y, o= f— 4 — - (106)
k-1 N L
21 | 22

Thus, L;; = R11 with the submatrices Xij; i=1, +.s, k; j=1, ..., k
of Equation 105 being exactly the same as the corresponding submatrices
of Ry; in Equation 96. After performing the linear transformation

the submatrices le = Lél and L22 have their forms as shown by Equations

107-110.
- . —_
R S PR LS RPY R UT_Z %1307 17

i=atl i=n-r
- , - L] .. :
Xpe = Xpp ; .. : (107)
b n

[(-i=§L1xai)-ra,n+f+ra,n+2] tee [(-i=§lrxai)-ra,n+k-1]
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[r—— o———

b n
[ 2 xp,0) LG 2 x40

i=atl > i=n-r

'ra+1,rrl-1+ra+1,n+2] Tttt TPl k1]

— l -
. b . n
(¢- = .) [ Z .)
. i=a+lxbl - i=n-rxb1
) ___'rb,n+1+rb,n+2] T 'rb,n+k-1]
: b ) . n ]
- . - 2 ,
' L¢ i=a+1xn~r,1> [( .=n_rxn-r,1)
-rn—r,n+f+rn-r,n+23 : : rn-r,n+k-1J
. . . .
Rpr = %o = . . ‘ (109)
b © 0 n
(- £ x.) (- £ x.)
i=atl ™ i=p-r "
-rn,n+1+rn,n+23 et -rn,rr-l-k-l:j

The form of the pre- and post-multiplying matrices contribute to a
more complicated form for er = L22 than for the submatrices le = Lél'
Matrix er appears as in Equation 110.

After performing the linear transformation, we have a matrix, namely
Yi-l’ which is realizable by the Lagrangian tree synthesis procedures
if it is realizable at all. Also, at this point there are still B‘gill

unknowns in the xij notation where i and j range from 1 to n. These can

be eliminated with the proper substitution and utilization of Equation 98.
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With reference.to Equations 96 and 97 we have that

k-1 -1 ntk-1 .
X, = iy + p=§;1 %o (RZZ) p=§;1 rpi; i=l, «o., n - (111)
and
k-1 _p mHk-1 .
X = ¥yt p=§;1 Tip (R,,) p=§;1 L i=1l, ..., n;

i=l, «e., n. (112)
After these substitutions have been made, Equation 106 will have

all of its elements in terms of yij; i=1l, ..., n; j=1, ..., n and the

unknown quantities, r__; s=1, ..., mtk-1l; t=1, ..., ntk-1l. Of course,

st

yij = yji and Top = Trge The set of inequalities that must be satisfied

. . . - .
for a network realization with reference to matrix Yk-l are given by

1i,j, <0; i'#3%; i'=1', ..., @k-1)'; =1 ..., (ark-1)"'

(113)
and
(bk-1) '/ )
« 7 /

li'i' P ./Z./ lliljll; i=1%, ..., (mrk-1)". (114)
j#
j I=1 /

If these (m+k-1) 12%32 inequalities can be satisfied, Yt-l will be

realizable with positive conductances; therefore, the Y matrix will also

be realized. Just as with the previous synthesis methodg Ili'j/l

represents the conductance common to cut-set i’ and cut-set j’ of the

Lagrangian tree in Figure 23. The conductance which is common to cut-sef
/

i’ and connects to the common node of the Lagrangian tree of Figure 23

is given by
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To further clarify how the realization of Y is obtained by the realiza-
tion of Yﬁ_l, the conductance common to cut-set n’' and cut-set R;+k-1 in
Figure 23 is the saﬁe conductance that appears across the nEh port of
interest associated with the port-admittance matrix, Y. Likewise, the
conductance common to cut-sets n' and (n-r)' is the same as the

conductance connecting the noncommon nodes of ports n and (n-r) which

are located in the Icg-l Lagrangian subtree with reference to matrix Y.

G. Example Four Utilizing K-Tree Synthesis of a
Port-Admittance Matrix Which is Nonrealizable by an
(nt+1)-Node Lagrangian Tree
The method of synthesis as described in Section IVF can also be
used to realize the port-admittance matrix given by Equation 79 and

presented here as Equation 115.

(200 _ 145 |_ 108]
24 24 24

Y = |- 145 167 108 (115)
24 24 24
_ 108 108 l 192
24 24 24 |

The author will use the same notation as in Section IVF. Partitioning Y
as in example two we have k=2. With k=2 and n=3, Equation 99 gives the
number of unknowns as four. These will be designated as the elements

in the #Eh row and column of?1 — Equation 96. Remembering.the

symmetry of matrix §k_1, Equation 116 gives
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%13

X
23 (116)

X33

r

34

By utilizing Equations 111 and 112, -the x,. terms (i=1,2,3; j=1,2,3)

1]

can be replaced by equivalent expressions involving the unknown quantities

and the elements of the port-admittance matrix, Y. Thus, ?1 can be

written as

—— 2 _~—
200 , 1 1 T1452 1 T14F
G * 3 ) (- 215 + : % (- 2048+ r4 %) 14
44 44 4y
2
Y, = 1 14524, ,167 . T2 1 T24* ]
TR EBEE Gr oy,
4 7 Ag
108 , F14734, 108 . T24%34. 192 T34
Cop Ty Gt ) Gt ) Ty
: b A 44
r r r r
B 14 A 34 44|
(117)
Figures 22, 23 and 24 are now applied to the example. These are

shown by Figures 25, 26, and 27.

from Figure 23 as

1000 | 10
0100 |01
0010 '00

0
0
1
0001 {00-1

0
0
0
-1

The cut-set matrix, Q, is constructed

(118)

Performing the matrix operations of Equation 105 on the matrix ?1, the

following matrix is formed and is designated as Y%.
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Figure 25. Graph of two Lagrangian subtrees with one connecting port

Figure 26. Graph of one Lagrangian tree utilizing all five nodes of the
network
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Figure 27. Superposition of Figure 26 on Figure 25 providing for the
formation of the transformation matrix, Q
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pr—— 2 . Qa—
200 3155 (- 145, r14r24)(_ 108 r14r34)(108 AT
14 r 24 T 24 r 24 r
4 4t 4t 4t
- T1)
2
(- s f14724, 167 Ios o8, 273, 108 TauTa
24 LA 24 sl 24 Ths 24 LA
L
Yl = - r24)
. 2 2
(- 108 r14”34)(108 . fggfs4) 292, r34) Loz I3y
24 T 24 T 24 T 24 r
4t b4 44 A
- T34)
2 2
08 T14 34 (- 108 T24%34 192 T34 a2 T34
24 X0t 24 L9 24 T 24 L
" T14) - Ty) " T34 t )
(119)

One should note here that Equations 106-110 give Y% directly when the

proper substitutions corresponding to Equations 111 and 112 are carried

through.
Matrix Y%

realization upon the Lagrangian tree of Figure 26. Thus, Inequalities

must satisfy the necessary and sufficient conditions for

113 and 114 must be satisfied. A solution that exists for a network
realization is Y1 = Top T 11, Ty = - 12, and Ty = 24,  Inequality 113
yields the following set of inequalities when the values for the unknown

quantities are substituted. Thus,

Jles, anay |
A + 2% 1<0 (120)

Jlos . (12 _

A 2% -10<0 (121)
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108 . (11)(-12) _

T % -150 (122)
108  (11)(-12) = '
+ S - 7 ~11=-150 (123)
108 (11)(-12) _ '
vk 2L ~11=-10<0 (124)
and
- 2
L2 G gy -2 <0. (125)

24 24
Likewise, Inequality 114 yields the following set when the values of the
unknown quantities are substituted. Here the magnitudes of the appropriate

Inequalities 120-125 are used.

2
200 , (11) -
T2l 10+ 1= 12

or 321

5 > 12, (126)

2
167 . (11) _
T2l 1+ 10=12

or 12 = 12, (127)

192 (-12)2
2 2%

210+1+2=13

or 14 > 13, (128)

192 (-12)2
24 24

+ 2(-12) + 26 =1+ 10 + 2 = 13
or 14 > 13. (129)

Therefore, Y? can be written as
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[321 o
% -1 -10 -1
L -1 12 -1 -10 |
¥ = (130)
-10 -1 14 -2
-1 -10 -2 14|

Realizing matrix Y% directly upon the Lagrangian tree structure of
Figure 26 the network of Figure'28 is obtained. The port representation
corresponding to the original port-admitfance matrix is maintained, thus
the realization of Y% also provides a realization for Y. The authcr
wishes to note that the identical realizations of Figures 20 and 28 are

by no means an indication of a unique realization for the Y matrix.

H. Example Five Utilizing K-Tree Synthesis of a
Port-Admittance Matrix Which is
Nonrealizable by an (nt+l)-Node Network

The method of synthesis presented in Section IVF will be applied to

the port-admittance matrix of Equation 131

|
|

which is not realizable by any network with (m+l) nodes. With the

9 -5
Y= -5 9
5 1

5
1 (131)
9

indicated partitioning of Y we have k=2, Thus, there are four unknown

quantities for which to solve. Keeping in mind the symmetry conditiom,

the matrix ?#_1 is formed as
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Figure 28. Complete realization for Equation 115 with k = 2 utilizing
k-tree synthesis method with conductance values given



xll X X13
_ |12 *a2 o3
*13 *23 *33
T14 T24 T3

.r

T4

Tas,

34

Tk ]

(132)

Upon making the proper substitutions as in Equation 117 (example four),

Y1 can be rewritten as

(. 2 . -
 + 14) - 5+ 11~4 U TSP 14; 14734, "
T4t A A
2 r r
(- 54 Ly 2y g T2003
3. = A Y44 A )
1
14534 24534 r§4
(5 - ) (1 - )y (9 + 'r—') r34
Lk A A
F14 Ta4 T34 LA

(133)
Since the port structure of the network corresponds exactly to that
of example four the transformation matrix is exactly the same and
Figures 25-27 are applicable. Therefore, Equation 118 is applied and the
figures are not duplicated here. Performing the appropriate linear

. sqs s . N
transformation, or utilizing the derived general form for matrix Yl’

this matrix is given as
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r r.,r r r r r
9+ =2y (o5, Ba g 183,
Y44 Y44 T4t Tay
2
r r r r r r r
(_5+_l‘L_2£t)(9+;2_£) <1+._2_i"_.3_4.) (_1__3.‘."_2&- 20)
A A 4 4
'L -
Y, = -
1 2 2
T14T34 Ta45 3 T34 T34
(5 + —23%y (1 4 —E2 3% (g 4 20 (-9 -=2.1)
T4t I T4ty Thy %
T14534 T24534 ’%4 %4
(-5 -~ —223% (1] .20 L g =22 9+ -=2t42r  +r,)
r r r : r 34 L4h
Ll A 44 4t
- Ty,) - Ty) - T3,)
— p—

(134)
If Inequalities 113 and 114 are satisfied, then matrix Yi‘ satisifes
the necessary and sufficient conditions for realization upon the
Lagrangian tree of Figure 26. One solution that provides for a nmetwork
. . . _ _ 85 _ _ 85 _ 289
realization is Tyy = 17, Ty, =g T34 = 8° Y4, =8 " When these

values for the unknown quantities are substituted into Inequalities 113

and 114 the following results are obtained. From Inequality 113

an &

-5+ 289 =0=<0, (135)
8
an (- 2
54 ————=0s50, (136)

289

8
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Using the

we have

or

or

or

95

s
&3 (- £
1+ 28 -1l
289 g =
8
ance 2
"3- T g =0
8
85, 85 -
_1_.<_§_)..(___.8_)_§_5-=-17s0
289 g 2 =
8
85,2
- 23
B 85 _ .3
-9— 289 -("'8)— 250.

9+ - 04 0+ 17 = 17
289
8
17 = 17,
32
: 17,185
9+_g_§_9_20+8+2 3
8
97 _ 85
8 - 8>
852
: 17,3_29
R i i
8
97 _ 29
—_—
3

(137)

(138)

(139

(140)

(141)

(142)

(143)
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(- 832
8 85 , 2893, 17,3
9 + 789 —l-2(-8+8217+2+2 27
8
or 27 = 27. (144)
Using the foregoing results, Yi' becomes
17 0 0 - 17
0 9 .1 _u
8 8 2
YII‘ = ' . (145)
17 9 _ 3
0 "8 8 2
17 3
;17 -5 LT3 21—

s . . — .

Figure 29 shows the realization of the matrix Y1 upon the Lagrangian tree
of Figure 26. Once again, the port representation corresponding to the
original port-admittance matrix is maintained. Therefore, the realization

of Y with (nt+2) nodes is achieved.
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~_’

@

Complete realization for Equation 131 with k = 2 utilizing

Figure 29.
k-tree synthesis method with conductance values given
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V. SUMMARY AND SUGGESTED RESEARCH CONSIDERATIONS

This investigation delves into the synthesis problem of resistive
networks containing (ntp) nodes where 2<psn. The port characteristics
of the realized network are defined by a given (nxn) port-admittance
matrix, Y, All three of the methods discussed rely upon the basic
principles of network topology as applied to the star (Lagrangian) tree.

In the first method which utilizes the Slepian-Weinberg procedure
the necessary and sufficient conditions for realization of an (m+2)-node
resistive network with a Lagrangian subtree conta’ning (n-1) ports compel
the original port-admittance matrix to be hy?erdominant. It is also
shown that the hyperdominant condition can be relaxed to a dominant
condition if a possible sign pattern of Y appears such that Y is
potentially hyperdominant (i.e., a matrix that is hyperdominant after a
finite number of cross-sign changes). An example clearly illustrates
that the magnitudes of the elements in the Y matrix govern the removal
of a particular port. One of the valuable features of this synthesis
method is the elimination of the necessity for solving for any unknown
quantities throughout the entire synthesis process.

The second method of (n+2)-node synthesis applies to any port-
admittance matrix which can be partitioned such that there are two
submatrices which are hyperdominant or potentially hyperdominant om the
diagonal. The two corresponding Lagrangian subtrees are conmnected by the
unknown quantities (conductances) which connect each node in one subtree
to every node in the other subtree. The necessary conditions for

realization are based upon satisfying the appropriate inequalities and
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equalities which are derived from the principles of the Lagrangian subtree
synthesis and by precisely satisfying the element values of the off-
diagonal submatrices of the Y matrix.

A general method of synthesis is presented which allows for the
partitioning of the port-admittance matrix into a matrix with k sub-
matrices on the diagonal. Once again, these submatrices must be hyper-
dominant or potentially hyperdominant. Only the hyperdominant condition
is considered in the derivations. To obtain the necessary conditions for
realization a linear transformation is used between the structure
associated with the k Lagrangian subtrees with their (k-1) connecting
ports and the structure of one Lagrangian tree covering the entire set of
nodes. The correspondingwaugmented matrix is realized upon this latter
Lagrangian tree thus providing for the realization of the original (nxn)
port-admittance matrix. This method also preserves the original port
structure and orientation.

The nonlinear nature of the equations and inequalities which
contribute to the realization of the port-admittance matrices might
possibly be attacked in several ways. The solution will certainly not
be unique in the general sense and in most cases it will be a solution
having some or all of the unknown quantities bounded. By placing some
physical restrictions on the elements of the matrices or conductance
values one could eliminate some of the unknown quantities and thus provide
for an easier solution. Perhaps arbitrary values could be chosen and all
of the inequalities could be changed to equalities giving a set of

independent equations to solve. With several judicious choices for the
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inequalities one might discover a movement pattern for the unknown
quantities which might present a clue as to the form of solution.

Since the synthesis procedures are all oriented toward the network
which possesses a complete connecting graph it is really immaterial as to
the actual positioning of the augmenting port. The cut=-sets involved
with the augmenting ports include all of the connecting edges so really
any one of these edges iﬁ a particular cut-set could serve as the
augmenting port associated with that cut-set. The end points of this edge
would be considered the port terminals. The author has chosen the basic
form of the network to appear as in Figure 22.

There are several suggestions which might prove to be worthwhile
as further investigations. The Slepian-Weinberg method as used in this
investigation applies to only one port removal. Perhaps there could be
a form of connecting network defined so that a Lagrangian subtree
consisting of more than one port could be removed. This would prove to
be a very valuable step since there are no unknowns for which to solve
when using the Slepian-Weinberg procedure. The author is relatively
sure that similar results are being investigated with linear subtree
methods.,

Considering the beginning comments of Section IVF, one might wish to
pursue the synthesis procedure as based directly on the k Lagrangian
subtrees utilizing the idea of parasitic realizations. This would follow
in a similar manner as the method of Section IVC except that the unknown
quantities would be matrix elements and not conductances. In view of

Equation 99 and the available number of independent equations and
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inequalities there would'obviously be a maximum value for k. Also,
another limitation which is imposed by the circuit configuration of
.th <
. . th >
Figure 22 is that for each i™ row (column) of Yk-l’ ri,n+x ri,n+y

where x < y (rn_+ where x < y) and x=1, ..., (k-1),

X,1 = rn+y,i
=1, ..., (k-1).

Another suggestion might be to find the optimum time for the
elimination of the unknowns which are written in terms of x in
Equation 96 with respect to the form of the port-admittance matrix.
Perhaps this procedure could be carried further with the goal to be that
of finding the necessary and sufficient conditions as applied to the
original port admittance matrix for realization with k Lagrangian subtrees
with the structure of Figure 22. As previously mentioned in the

Literature Search this type of investigation is being conducted with

linear subtrees but no known solutions have as yet been presented.
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